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Introduction
The goal of this paper is to provide further evidence for the existence of a p-adic local Langlands correspondence, as was first envisioned by Breuil, [2] , and established for GL 2 (Q p ) by Colmez, [12] , Paskunas, [25] , and others. So far, little is known beyond GL 2 (Q p ), and work of Breuil-Paskunas, [3] , shows that already for GL 2 (F ), F = Q p , the situation is very difficult. There is recent work of Caraiani-Emerton-Gee-GeraghtyPaskunas-Shin, [5] , that construct some p-adic GL n (F )-representation starting from an n-dimensional representation of the absolute Galois group of a p-adic field F , for general n and F . Their construction is based on the patching construction of Taylor-Wiles, and is thus global in nature. Unfortunately, it is not clear that their construction gives a representation independent of the global situation.
In this paper, we work in the opposite direction. Namely, starting from a p-adic GL n (F )-representation π, we produce a representation F (π) of the absolute Galois group Gal F , for any n and F , in a purely local way. Corollary 9.3 ensures that (for n = 2), composing the patching construction with our functor gives back the original Galois representation.
Actually, F (π) also carries an admissible D × -action, where D/F is the central division algebra of invariant 1/n. Thus, simultaneously, this indicates the existence of a padic Jacquet-Langlands correspondence relating p-adic GL n (F ) and D × -representations. Such a correspondence is not known already for GL 2 (Q p ), and its formalization remains mysterious, as the D × -representations are necessarily (modulo p) of infinite length. However, we do not pursue these questions here.
Let us now describe our results in more detail. Let n ≥ 1 be an integer and F/Q p a finite extension. Let O ⊂ F be the ring of integers, ̟ ∈ O a uniformizer, and let q be the cardinality of the residue field of F , which we identify with F q . Fix an algebraically closed extension k of F q , e.g. F q . LetF = F ⊗ W (Fq) W (k) be the completion of the unramified extension of F with residue field k. LetȎ ⊂F be the ring of integers.
In this situation, one has the Lubin-Tate tower (M LT,K ) K⊂GLn(F ) , which is a tower of smooth rigid-analytic varieties M LT,K overF parametrized by compact open subgroups K of GL n (F ), with finiteétale transition maps. There is a compatible continuous action of D × on all M LT,K , as well as an action of GL n (F ) on the tower, i.e. g ∈ GL n (F ) induces an isomorphism between M LT,K and M LT,g −1 Kg . There is the Gross-Hopkins period map, [22] , π GH : M LT,K → P n−1 F , compatible for varying K, which is anétale covering map of rigid-analytic varieties with fibres GL n (F )/K. It is also D × -equivariant if the right-hand side is correctly identified with the Brauer-Severi variety for D/F (which splits overF ). Moreover, there is a Weil descent datum on M LT,K , under which π GH is equivariant for the above identification of P n−1 F with the Brauer-Severi variety of D/F . It was first observed by Weinstein, cf. [31] , that the inverse limit
exists as a perfectoid space. The induced map
is in a suitable sense a GL n (F )-torsor; however, it takes a little bit of effort to make this statement precise, and we do not do so here. However, for any smooth GL n (F )-representation π on an F p -vector space, 1 one can construct a Weil-equivariant sheaf F π on theétale site of the rigid space P n−1 F . Our main theorem is the following. Theorem 1.1. Let π be an admissible smooth GL n (F )-representation on an F p -vector space. The cohomology group H í et (P n−1 C , F π ) is independent of the choice of an algebraically closed complete extension C ofF , and vanishes for i > 2(n − 1). For all i ≥ 0,
is an admissible D × -representation, and the action of the Weil group W F extends continuously to an action of the absolute Galois group Gal F of F .
The proof of this theorem follows closely the proof of finiteness of F p -cohomology of proper (smooth) rigid spaces, [29] . In particular, it depends crucially on properness of P n−1 , or more precisely, on properness of the image of π GH . Unfortunately, it turns out that the Lubin-Tate case is essentially (up to products and changing the center) the only example of a Rapoport-Zink space with surjective period map. We refer to the Appendix by M. Rapoport for further discussion of this point. Thus, the methods of this paper do not shed light on other groups. C , F π ) is the π-isotypic component of the cohomology of the Lubin-Tate tower, but the formulation is different for several reasons. First, the (usual or compactly supported) cohomology groups of M LT,0,C or M LT,∞,C itself are not well-behaved, e.g. not admissible and not invariant under change of C, cf. work of Chojecki, [11] . Using lifts of Artin-Schreier covers one can check that already H 1 et (B C , F p ) is infinite-dimensional and depends on C, where B C denotes the closed unit disc over C. Second, taking the π-isotypic component is not an exact operation for F p -representations.
For the local-global-compatibility results, we have decided to work only with GL 2 , as this leads to many technical simplifications; it is to be expected that many arguments can be adapted to GL n if one uses Harris-Taylor type Shimura varieties, [21] . Fix a totally real field F and a place p dividing p such that F p is the p-adic field considered previously. Moreover, fix an infinite place ∞ F of F . Let D 0 be a division algebra over F which is split at p and is ramified at all infinite places. Let G = D and
which are admissible GL 2 (F p )-, resp. D × p -representations over Z p . Moreover, ρ carries a representation of Gal F , and thus of Gal Fp . The following theorem is an easy consequence of Cerednik's p-adic uniformization, cf. [8] , [13] , [26] , [1] , along with the duality isomorphism between the Lubin-Tate and the Drinfeld tower, cf. [18] , [19] , [31] .
Theorem 1.3. There is a canonical Gal
This is a form of a p-adic local-global-compatibility result, and we deduce the following more precise results. Fix an absolutely irreducible (odd) 2-dimensional representation σ of Gal F over a finite extension F q of F p ; this gives rise to a maximal ideal m of the abstract Hecke algebra T (coming from unramified places), and we assume that the localization π m = 0, i.e. σ is modular. There is a corresponding Hecke algebra T(U p ) m (a complete local noetherian ring with residue field F q ) acting faithfully on π m . There is a 2-dimensional Galois representation
characterized by the Eichler-Shimura relations expressing the characteristic polynomials of Frobenius elements in terms of Hecke operators. The next result says that one can recover σ m | Gal F p from π m . Moreover, there is a version for the m-torsion. 
Theorem 1.4. There is a T(U
p ) m [Gal Fp ×D × p ]-equivariant isomorphism H 1 et (P 1 Cp , F πm ) ∼ = σ m | Gal F p ⊗ T(U p )m ρ m [σ m ] ,
Some equivariant sites
In the proof of our main result, we need to consider cohomology groups of some objects like P n−1 /K for a compact open subgroup K ⊂ D × . There are several possible definitions of these cohomology groups. One might define them in terms of the simplicial adic space (P n−1 × EK)/K with terms P n−1 × K i , or in terms of some stacky diamond (P n−1 ) ⋄ /K, using diamonds as in [30] . The technically simplest solution seems to be to directly define a site (P n−1 /K)é t that gives rise to these cohomology groups.
In the following, let X be either a locally noetherian analytic adic space, in the sense that X is locally of the form Spa(A, A + ) for some strongly noetherian Tate ring A and a ring of integral elements A + ⊂ A, or a perfectoid space.
2 If X is a perfectoid space, all affinoid subsets below are assumed to be of the form Spa(A, A + ), where A is perfectoid. For simplicity, we will spell out only the case of locally noetherian analytic adic spaces.
Definition 2.1. Let G be a locally profinite group. An action of G on X is said to be continuous if X admits a cover by open affinoid Spa(A, A + ) ⊂ X stabilized by open subgroups H ⊂ G such that the action morphism H × A → A is continuous.
Lemma 2.2.
Assume that a locally profinite group G acts continuously on the locally noetherian analytic adic space X. For any quasicompact open subset U ⊂ X, the sta-
Proof. First, we check that there is a basis of affinoid open subsets Spa(A, A + ) ⊂ X which have an open stabilizer H in G, and for which the action morphism on A is continuous. It is enough to check that this property passes to rational subsets. Fix a ring of definition A 0 ⊂ A and a pseudouniformizer ̟ ∈ A 0 , i.e. a topologically nilpotent unit of A. If U ⊂ Spa(A, A + ) is the rational subset defined by
. . , f ′ n , g ′ agrees with U . From this and the continuity of the action morphism H × A → A, it follows that the stabilizer
To check that the action of H U on O X (U ) is continuous, we deal with two cases separately. First, assume that all f i = 1. Then O X (U ) is the completion of A[1/g] with respect to the topology making ̟ m A 0 [1/g] a basis of open neighborhoods of 0. The action of h ∈ H U sends g −1 to h(g) −1 = g −1 (1+a h g −1 +a 2 h g −2 +. . .) in case h(g) = g−a h for some element a h ∈ ̟A 0 ; this happens in an open subgroup h ∈ H ′ ⊂ H U . Moreover, a h varies continuously with h, which implies that also
varies continuously with h. Going through the definitions, this implies that the action of H ′ on O X (U ) is continuous, and as H ′ ⊂ H U is open, this implies the same for the action of H U on O X (U ).
Now assume that g = 1. In that case, O X (U ) is the completion of A with respect to the topology making ̟ m A 0 [f 1 , . . . , f n ] a basis of open neighborhoods of 0. In this case, continuity is immediately verified. In general, as A is Tate, any rational subset is a rational subset of the second form inside a rational subset of the first form, verifying continuity of
Thus, any quasicompact open U ⊂ X is covered by finitely many We will also need a result about extending group actions to finiteétale covers. Note that in particular, one can apply the lemma in the case that H 0 is trivial, or in the case G = H 0 × G 0 of two commuting actions.
Proof. Everything can be translated into actions on A resp. B. Let C 0 (G, A) be the ring of continuous functions G → A with pointwise addition and multiplication; this is again a complete Tate ring, intuitively corresponding to the space X × G. There is a natural map m : A → C 0 (G, A) sending f ∈ A to the map g → g(f ); this corresponds to the action map X × G → X. There is also the diagonal embedding p : A → C 0 (G, A) corresponding to the projection X × G → X.
One checks that giving a continuous action of H on B is equivalent to giving an isomorphism of finiteétale C 0 (H, A)-algebras
satisfying the obvious cocycle condition over C 0 (H × H, A). Now recall the following result of Elkik, [14] , and Gabber-Ramero, [20, Proposition 5.4 .53], cf. also [27, Lemma 7 .
Theorem 2.4. Let R i be a filtered inductive system of complete Tate rings with compatible rings of definition R i,0 ⊂ R i . Pick a pseudouniformizer ̟ ∈ R i,0 for some i, which we assume is minimal, thus giving compatible pseudouniformizers ̟ ∈ R i,0 for all i. Let R 0 be the ̟-adic completion of lim − →i R i,0 , and
Applying this to the system R i = C 0 (H i , A) for a basis of open subgroups H i ⊂ G containing H 0 , with R i,0 = C 0 (H i , A 0 ), we get R = C 0 (H 0 , A) as the completed direct limit. As we are given an isomorphism
of finiteétale C 0 (H 0 , A)-algebras satisfying the cocycle condition, the theorem of ElkikGabber-Ramero shows that this spreads in an essentially unique way into an isomorphism
for an open subgroup H × G containing H 0 . Moreover, the cocycle condition is satisfied for H sufficiently small, by applying the same reasoning for the system of the
This implies the same result forétale maps.
Corollary 2.5. Let X be a locally noetherian analytic adic space equipped with a continuous action by a profinite group G. Let Y → X be anétale map, and assume that Y is qcqs, and carries a compatible action of a closed subgroup H 0 ⊂ G. Definition 2.6. Let X be a locally noetherian analytic adic space with a continuous action by a locally profinite group G. Let (X/G)é t be the site whose objects are (locally noetherian analytic) adic spaces Y equipped with a continuous action of G, and a Gequivariantétale morphism Y → X. Morphisms are G-equivariant maps over X, and a family of morphisms {f i :
Let (X/G) ∼ et denote the associated topos. It is directly verified that (X/G)é t has good properties, e.g. all finite limits exist. If G is profinite, there is also a good notion of quasicompact and quasiseparated objects.
Lemma 2.7. Let X be a locally noetherian analytic adic space with a continuous action by a profinite group G.
(iv) Consider the set of U ∈ (X/G)é t for which U is affinoid; this forms a basis for the topology consisting of qcqs objects which are stable under fibre products. (v) The site (X/G)é t is algebraic, in particular locally coherent.
Proof.
Asétale maps are open, it follows that if |Y | is quasicompact, then so is Y ∈ (X/G)é t : If {f i : Y i → Y } is a cover, so that |Y | = i f i (|Y i |), then finitely many of the open subsets f i (|Y i |) already cover, giving a finite subcover in (X/G)é t .
Next, we show that the set of affinoid U ∈ (X/G)é t forms a basis for the topology. For any Y ∈ (X/G)é t , pick an open affinoid subset V ⊂ Y . This is stabilized by some open subgroup H ⊂ G, and then U = V × H G is an affinoid space (as it is non-equivariantly isomorphic to V × G/H). One gets a G-equivariant map U → Y , and these cover Y . Obviously, the set of affinoid U ∈ (X/G)é t is stable under fibre products, proving (iv). Now let Y ∈ (X/G)é t be quasicompact. Then we can cover Y by finitely many affinoid U i ∈ (X/G)é t . The resulting surjection from a quasicompact space i |U i | to |Y | shows that |Y | is quasicompact, proving (i). All other properties are readily established.
Moreover, we need the following property. Proposition 2.8. Let X be a qcqs locally noetherian analytic adic space with a continuous action by a profinite group G. The association mapping Y ∈ (X/G)é t to Y ∈ Xé t defines a morphism of sites Xé t → (X/G)é t under which X ∼ et is a projective limit of the fibred topos ((X/H) ∼ et ) H , where (X/H) ∼ et is considered as a fibred topos over the category of open subgroups H ⊂ G in an obvious way. More generally, whenever H 0 ⊂ G is a closed subgroup, (X/H 0 ) ∼ et is a projective limit of the fibred topos (X/H)
where we write F also for its pullback to (X/H 0 )é t , resp. (X/H)é t .
Proof. We can replace (X/G)é t by the site (X/G) It is useful to combine this result with the observation that (X/H)
Proposition 2.9. Let X be a locally noetherian analytic adic space with a continuous action by a locally profinite group G. Let H ⊂ G be an open subgroup, and consider X × H G ∈ (X/G)é t . Then the functor U → U × H G induces an equivalence between (X/H)é t and the slice site (X/G)é t /(X × H G).
It is enough to prove that one gets an equivalence of categories (X/H)é t ∼ = (X/G)é t /(X × H G), as the notion of covers corresponds. The inverse functor is given by sending a G-equivariant map U → X × H G to the fibre over X = X × H H → X × H G, and the functors are clearly inverse.
Assume now that X lives over Spa(K, O K ) for some nonarchimedean field K; fix a pseudouniformizer ̟ ∈ O K . Let O + X /̟ be the sheaf on Xé t which is the sheafication of U → O + X (U )/̟. Lemma 2.10. Let X be a locally noetherian analytic adic space over Spa(K, O K ) with a continuous action by a locally profinite group G (compatible with the trivial action on
We warn the reader that there is no sheaf O + X/G in general whose reduction modulo ̟ is O + X/G /̟, so that we are doing some abuse of notation here. The problem is that O + X may not have enough sections invariant under G, but continuity of the action of G implies that there are many sections which are invariant modulo ̟. We will need the following "conservativity" property.
Lemma 2.11. Let X be a locally noetherian analytic adic space with a continuous action by a locally profinite group G. Then a pointed sheaf F on (X/G)é t is trivial if and only if its pullback to Xé t is trivial.
Proof. Assume that the pullback of F to Xé t is trivial, and let s ∈ F(U ), U ∈ (X/G)é t , be a section. Assume first that s becomes trivial after pullback to (X/H)é t for some open H ⊂ G. Then s becomes trivial over U ∈ (X/H)é t , which corresponds to U × H G ∈ (X/G)é t , which is a cover U × H G → U of U in (X/G)é t , so that s is already trivial in (X/G)é t .
Thus, it is enough to check that s becomes trivial after pullback to (X/H)é t for some open H ⊂ G. In particular, we may assume that G is profinite, and then that U is qcqs. By assumption the pullback of s to U ∈ Xé t is trivial. On the other hand, by Proposition 2.8, we have
so s becomes trivial on U ∈ (X/H)é t for some open H ⊂ G, finishing the proof.
Now assume that X is a locally noetherian adic space over Spa(Q p , Z p ), and that (X H ) H → X is a G-torsor for some profinite group G, in the sense that for all open normal subgroups H ⊂ G, X H → X is a finiteétale G/H-torsor, compatibly in H. Moreover, assume that there is a perfectoid space X ∞ → X such that
in the sense that there is a covering of X ∞ by affinoid perfectoid U ∞ = Spa(R ∞ , R + ∞ ) coming as pullback of affinoid U H = Spa(R H , R Note that there is a natural morphism of sites (X ∞ /G)é t → Xé t , as anyétale U → Xé t pulls back to anétale U ∞ → X ∞ equipped with a continuous action of G. Assume moreover that a locally profinite group J acts continuously and compatibly on X and all X H , commuting with the G-action. Then J acts continuously on X ∞ . Proposition 2.12. The natural morphism (X ∞ /G × J)é t → (X/J)é t is an equivalence of sites.
Proof. Let us sketch the argument. It is enough to check that there is an equivalence of categories (X ∞ /G × J)é t ∼ = (X/J)é t , as the notions of covers correspond. For this, we can replace J by an open subgroup, in particular we can assume that J is compact. Also we can argue locally on X, and assume that X, and thus all X H , X ∞ , are qcqs. Now it is enough to prove (X ∞ /G × J)
by covering general objects by qcqs objects. We claim that there is an equivalence of categories
As usual, such a statement can be reduced to quasicompact open embeddings and finiteétale covers individually. For quasicompact open embeddings, it follows from the identification |X ∞ | ∼ = lim ← −H |X H | of topological spaces. For finiteétale covers, it follows from the theorem of Elkik-Gabber-Ramero, Theorem 2.4, along with the assumption X ∞ ∼ lim ← −H X H . Now, if U → X ∞ isétale and qcqs and admits a compatible continuous G × J-action, then J-equivariantly U → X ∞ comes via pullback from someétale qcqs U H → X H for H small enough. Then the identification U = U H × X H X ∞ → X ∞ endows U with a second H × J-action, agreeing on J. As in the proof of Proposition 2.8, we have an equivalence of categories
, which shows that the two H × J-actions on U are compatible after shrinking H. This gives an H × J-equivariant identification U = U H × X H X ∞ , and then the G × J-action on U endows U H with a G/H × J-action. By finiteétale descent, this descends U H to U 0 → X, a qcqsétale J-equivariant map. One checks that this gives the desired equivalence of categories. 
Finiteness
Let us use the notation from the introduction, so n ≥ 1 is an integer and F/Q p a finite extension with ring of integers O ⊂ F and ̟ ∈ O. Let q be the cardinality of the residue field of F , which we identify with F q . Fix an algebraically closed extension k of F q , e.g. F q . LetF = F ⊗ W (Fq) W (k) be the completion of the unramified extension of F with residue field k. LetȎ ⊂F be the ring of integers.
In this situation, one has the Lubin-Tate tower (M LT,K ) K⊂GLn(F ) , which is a tower of smooth rigid-analytic varieties M LT,K overF parametrized by compact open subgroups K of GL n (F ), with finiteétale transition maps, cf. [22] . There is a compatible continuous action of D × on all M LT,K , as well as an action of GL n (F ) on the tower, i.e. g ∈ GL n (F ) induces an isomorphism between M LT,K and M LT,g −1 Kg . There is the Gross-Hopkins period map, [22] , Moreover, denote by M LT,∞ overF (which lives over the completion of the maximal abelian extension of F , which is a perfectoid field) the perfectoid space constructed in [31] , so that
Fix an admissible F p -representation π of GL n (F ). We want to construct a sheaf F π on (P n−1 F /D × )é t , which is also equivariant for the Weil descent datum. The idea is to descend the trivial sheaf π along the map
, which can be considered as a GL n (F )-torsor.
The association π → F π is exact, and all geometric fibres of F π are isomorphic to π, i.e. for any x = Spa(C, C + ) → P n−1 F with C/F complete algebraically closed and C + ⊂ C an open bounded valuation subring, the pullback of F π tox,
is isomorphic to π; the isomorphism is canonical after fixing a lift ofx to M LT,∞ .
Proof. Asétale covers induce (by definition) surjections on topological spaces, and are open, it follows that F π is a sheaf; Weil equivariance follows from Weil equivariance of all other objects involved. By exactness of pullback and Lemma 2.11, exactness of π → F π can be checked after pullback to (P
)é t is the sheaf assigning to anétale U → P n−1 F the set of continuous GL n (F )-equivariant maps
as if U is qcqs, any such map is automatically equivariant for some open H ⊂ D × ; here, we use Proposition 2.8 to compute the pullback of F π . To check exactness over (P n−1 F )é t , we check at geometric points; it is enough to prove that the stalk of F π on any geometric point is equal to π. Thus, fix some geometric pointx = Spa(C, C + ) → P n−1 F , and let {U i → X} be the cofiltered inverse system of affinoidétale neighborhoods ofx; we may assume that they are all connected. Then
Observe that as U i is connected, GL n (F ) acts transitively on the connected components of
It follows that the map F π,x → π given by evaluation at a fixed
To check surjectivity, note that by smoothness of
On the other hand, for any m, one can choose U i so that U i → P n−1 F factors over
In that case, there is a GL n (F )-equivariant continuous surjection
Composing with the action map
Let C/F be an algebraically closed complete extension with ring of integers O C . By a subscript C , we denote the base change to Spa(C, O C ). The goal of this section is to prove the following theorem.
is admissible, and vanishes for i > 2(n − 1). If π is injective as GL n (O)-representation, then it vanishes for i > n − 1. Moreover, the natural map
is an almost isomorphism, and
is independent of C (i.e., the natural map for an inclusion C ֒→ C ′ is an isomorphism). 
The almost isomorphism with
n ) is a set of good coordinates if it can be written as a composite of finiteétale maps and rational embeddings.
Definition 3.4. Let V be a separated analytic adic space, and U ⊂ V a subset. Then U is said to be strictly contained in V if for any maximal point x = Spa(K, O K ) ∈ U and any open bounded valuation subring . Let V be a smooth affinoid adic space over Spa(C, O C ) with good coordinates, and let U ⊂ V be a strict rational subset. Then the image of
is almost finitely generated for all i ≥ 0.
In order to facilitate applications, let us note that this result is true without the "good coordinates" assumption. 
Proof. Our strategy is to compute both sides via compatible Cech spectral sequences associated to coverings of V and U by subsets V ′ , U ′ to which the previous result applies. By [29, Lemma 5.4] , for this strategy to work in cohomological degree i, we actually need to run via N spectral sequences, where N ≥ i + 2. Thus, fix some i and N ≥ i + 2.
In a first step, assume that V is affinoid. Below, we will construct a finite index set J along with a cover U = j∈J U j and rational subsets V j ⊂ V , such that for all j ∈ J, V j is an affinoid with good coordinates, and U j ⊂ V j is a strict rational subset. Given this data, we can find intermediate strict rational
subset, so that V S has good coordinates; moreover, U (k) S ⊂ V S is a rational subset. This means that Lemma 3.5 applies to U
together with maps between these spectral sequences. Applying Lemma 3.5 and [29, Lemma 5.4] gives the result in the case that V is affinoid.
To handle the general case, let us again take a finite index set J along with a cover U = j∈J U j and rational subsets V j ⊂ V , such that for all j ∈ J, V j is an affinoid, and U j ⊂ V j is a strict rational subset. Given this data, we can find intermediate strict rational subsets
S ⊂ V S is a strict subset. This means that the affinoid case already handled applies to U
together with maps between these spectral sequences. Applying the affinoid case already handled and [29, Lemma 5.4] gives the result. It remains to construct the cover U = j∈J U j and V j ⊂ V such that for all j ∈ J, V j is an affinoid with good coordinates and U j ⊂ V j is a strict rational subset. This is similar, but easier, than [29, Lemma 5.3] . Pick a point maximal point x ∈ U , with closure {x} ⊂ V in V . We claim that there is an affinoid subset V x ⊂ V containing {x}. For this, we use a result of Temkin, [37, Theorem 3.1] . This requires some translation, as he works with Berkovich spaces there. As V is a qcqs adic space, it is equivalent to a qcqs rigid space, or to a compact Hausdorff strictly C-analytic Berkovich space. The question whether the germ V x is good is precisely the question whether there is an affinoid neighborhood V x of {x}. The criterion of Temkin answers this question in terms of the closure {x} in the adic space, cf. [37, Remark 2.6]. As V is separated, this closure embeds into the Riemann-Zariski space of the completed residue field K(x) at x, by the valuative criterion for separatedness, cf. [23, §1.3] . On the other hand, by the assumption that U is strictly contained in V , {x} surjects onto the Riemann-Zariski space of K(x). This identifies {x} with the Riemann-Zariski space of K(x), which is affinoid in the sense of [37, §1] . This verifies the existence of V x . By [29, Lemma 5 .2], we may assume that V x has good coordinates. We may then find a strict rational subset U x ⊂ V x contained in U , and containing U ∩ {x}. The union of all U x is equal to U ; by quasicompacity, we can find a finite subcover U = j∈J U j , along with V j ⊂ V such that U j is strictly contained in V j . This produces the desired cover.
To formulate the local finiteness result in the current setup, recall that one has the Gross-Hopkins period map at level 0
, which admits local sections as a map of adic spaces. Here and in the following, we write
, which factors over a GL n (O)-torsor M LT,∞ → M LT,0 . Therefore, the pullback of F π to M LT,0 (and thus to V ) depends only on the GL n (O)-representation π| GL n (O) . More precisely, for any GL n (O)-representation π 0 , one can define the sheaf F π 0 on (M LT,0 /D × )é t by setting
The obvious analogue of Proposition 3.1 holds true in this setup.
Pick a rational subset U ⊂ V which is strictly contained in V . 
is almost finitely generated for all i = 0, . . . , m.
for some integers n i ∈ Z. This follows from the anti-equivalence of admissible smooth GL n (O)-representations and finitely generated 
, and similarly for U . Filtering U ⊂ V by N strict inclusions of rational subsets and using [29, Lemma 5.4] reduces the lemma to the case
Recall that there is the isomorphism between Lubin-Tate and Drinfeld tower at infinite level
cf. [18] , [19] , which is an isomorphism of perfectoid spaces by [31, Theorem 7.2.3] . Also recall that the Drinfeld tower is a tower of smooth adic spaces
In particular, by Proposition 2.12, one has an equivalence of sites
under which V ∞ with its continuous K-action descends to some V K ∈ M Dr,K . Then V K is a quasicompact separated smooth adic space over Spa(F ,Ȏ). Applying Proposition 2.12 to V K then shows that there is an equivalence of sites
. Then (V m /K)é t is equivalent to the slice of (V /K)é t over V m ∈ (V /K)é t with its natural K-action. As V m is finiteétale over V , one has an isomorphism
Indeed, this can be checked locally on (V /K)é t , and after pullback to the slice of (V /K)é t over V m , everything decomposes into a direct sum, as 
As
the statement of the lemma translates into the equality
In fact, this is true for any sheaf G on (V /K)é t , and follows from SGA 4 VI Corollaire 8.7.5 and the identification of (V ∞ /K) ∼ et as a projective limit of the fibred topos
cf. Proposition 2.8, Proposition 2.12.
Thus, we can rewrite
, which in turn, by Lemma 2.13, can be rewritten as
where
Corollary 3.6, the image of
is almost finitely generated, which is what we wanted to prove. 
is almost finitely generated for all i = 0, . . . , j.
Proof. This follows from the local statement by picking sufficiently many open affinoid covers of P n−1 satisfying the hypothesis of Lemma 3.7 and using [29, Lemma 5.4] , cf. proof of [29, Lemma 5.8 ].
Corollary 3.10.
For any compact open subgroup K ⊂ D × and admissible smooth representation π of GL n (F ), the cohomology group
Proof. It is enough to prove this for i ≤ j for any fixed j. Then the previous corollary shows that the statement is true after replacing K by some open normal
is computed by a Hochschild-Serre spectral sequence from G) ) for any sheaf G, giving the result in general. Corollary 3.11. For any compact open subgroup K ⊂ D × and admissible smooth representation π of GL n (F ), the cohomology group
is finite for all i ≥ 0, and the map
is an almost isomorphism. 
(which can be written as a colimit according to
be the inverse of this isomorphism composed with multiplication by
This implies that O ♭− comes via pullback from theétale site of P n−1 C , and in fact from
as well as Frobenius isomorphisms
and
All of these statements can be checked on the pro-étale site of P n−1
C . This implies that the cohomology groups
satisfy the assumptions of [29, Lemma 2.12] . In particular, there is an almost isomorphism
for some integer r ≥ 0, compatible with Frobenius. By tensoring with the maximal ideal, this gives an actual isomorphism
compatible with Frobenius, which in turn induces an isomorphism
r compatible with Frobenius, by passing through the colimit defining O ♭− . But there is an Artin-Schreier sequence
exactness can be checked over the pro-étale site of P n−1 C , where F π is locally trivial, and the result follows from the Artin-Schreier sequence for O ♭− . Now the long exact cohomology sequence 
. Here, all K-modules are considered as discrete.
Proof. One gets the spectral sequence as a direct limit over K ′ of spectral sequences Corollary 3.14. For any admissible smooth representation π of GL n (F ), the cohomol-
is an almost isomorphism.
Proof. The almost isomorphism follows by passing to the direct limit over K in Corollary 3.11, using Lemma 2.8. E.g. by computing the right-hand side using the pro-étale site, and a simplicial affinoid perfectoid cover over which F π is free, one sees that enlarging C ֒→ C ′ , the map
is an almost isomorphism. Here, use that if X = Spa(R, R + ) is an affinoid perfectoid space over Spa(C, O C ) with base-change
is an admissible D × -representation, we argue by induction on i; thus, assume the result is known for i ′ < i. We need to show that for any compact open subgroup K ⊂ D × , the space
is finite-dimensional. Consider the Hochschild-Serre spectral sequence Lemma 3.12. In particular, consider the contributions on the diagonal i 1 + i 2 = i. For i 2 < i, the group H 
Assume it was infinite-dimensional. In the spectral sequence, it only interacts with terms where i 2 < i, and only finitely many such. This gives only a finite-dimensional space, so an infinite-dimensional space survives to the E ∞ -page, which contributes an infinitedimensional space to H i ((P n−1 C /K)é t , F π ). However, this space is finite by Corollary 3.11. Thus, we see that
is an admissible D × -representation, as desired. To complete the proof of Theorem 3.2, it remains to verify the vanishing statements in large degrees. We claim that
is almost zero for i > 2(n − 1) in general, and i > n − 1 if π is injective as GL n (O)-representation. As the cohomological dimension of |P n−1 C | is n − 1, it is enough to prove that under the projection λ : (P n−1
is almost for i > n − 1, and for i > 0 if π is injective as GL n (O)-representation. It is enough to prove this after pullback to M LT,0,C , as M LT,0,C → P n−1 C admits local sections. After this pullback, F π can be written as the inductive limit of the F π H over all open subgroups H ⊂ GL n (O), all of which are F p -local systems. Thus, almost vanishing for i > n − 1 follows from [29, Lemma 5.6] .
Now assume π is injective as GL n (O)-representation. Then we may write π as GL n (O)-representation as a direct summand of a power of π reg . Thus, we can reduce to the case that π = π reg . In that case, we have to compute 
Admissible representations: General base rings
In this section, we want to extend the finiteness results from the previous section to admissible representations of GL n (F ) over more general base rings. Remark 4.2. In case A = Z p , the representations live on p-torsion modules like Q p /Z p . In geometric settings, one gets such representations by considering the cohomology with Q p /Z p -coefficients (which carries essentially the same information as completed cohomology with Z p -coefficients).
We recall that the category of admissible A[G]-modules is well-behaved. 
is admissible, independent of C, and vanishes for i > 2(n − 1). The natural map
Remark 4.5. Emerton also introduces the notion of p-adically admissible representations in [15, Definition 2.4.7] , making it possible to say that completed cohomology (which is a p-adically complete Z p -module) itself is admissible. An obvious variant holds for this notion of admissibility as well.
Proof. Note first that by Proposition 2.8, we have
we have
is smooth. To prove admissibility, we now have Theorem 4.3 available.
Assume first that V is killed by m j . We induct on the minimal such j; for j = 1, the result is given by Theorem 3.2. Now look at the exact sequence
. It induces a long exact sequence
The outer two terms are admissible by induction. This implies, by Theorem 4.3 , that the middle term is admissible as well. Using the 5-lemma, one also proves the almost isomorphism by induction.
In general, the almost isomorphism follows by writing
is admissible for i ′ < i. Fix some j and V , and generators (f 1 , . . . , f n ) = m j . There is an exact sequence
and there is an exact sequence
Therefore, it is enough to show that the two outer terms We end this section with two results of general nature. First, we observe that the Weil group action extends to a Galois group action. Let I F ⊂ W F ⊂ Gal F be the inertia, Weil, and Galois group of F , respectively. Proposition 4.6. Let (A, m) be a complete noetherian local ring with finite residue field of characteristic p. Let V be an admissible A[GL n (F )]-module, and let F V be the corresponding sheaf on (P
, coming from the I F -action on C = C p and the Weil descent datum, is continuous and extends (necessarily uniquely) to a continuous action of Gal F .
Proof. Writing V as the union of V [m j ], we may assume that m j = 0 for some j, so that A is finite. Continuity of the W F -action reduces to continuity of the I F -action, which follows from writing H
as a direct limit over finite extensions M ofF contained in C p . Now for all compact open subgroups K ⊂ D × , the group
is finite. But any continuous action of W F on a finite set extends continuously to Gal F .
Namely, an open subgroup I 0 ⊂ I F acts trivially, and it remains to extend the W F /I 0 -action to a Gal F /I 0 -action. This follows by observing that some power of any fixed Frobenius element acts trivially, as any element of a finite group is of finite order.
Moreover, one can always compute H 0 .
Proposition 4.7. Let (A, m) be a complete noetherian local ring with finite residue field of characteristic p. Let V be an admissible A[GL n (F )]-module, and let F V be the corresponding sheaf on (P
It acquires an action of GL n (F )/SL n (F ) = F × (via the determinant map), and the group W F × D × acts via the map W F × D × → F × given by the inverse of the product of the Artin reciprocity map (sending geometric Frobenii to uniformizers) and the reduced norm.
Proof. This follows from the identification of the geometric connected components 
Shimura curves
For the global situation, we change notation slightly. Let now F be totally real number field with a fixed place p above p and fixed infinite place ∞ F , and D 0 /F a quaternion algebra which is definite at all infinite places, and split at p. Let G = D × 0 be the algebraic group of units of D 0 , and let D × /F be the nontrivial inner form of G which is isomorphic to G away from p and ∞ F . Then, as notation suggests, D × is the algebraic group of units of a quaternion algebra D/F ; it is a division algebra at p, and split at ∞ F . Fix an identification
Our previous local objects are given by
Associated with D × /F (or rather Res F/Q D × ) and the conjugacy class of
which is trivial in all components different from ∞ F , and equal to
in the component of ∞ F , one has (a tower of) Shimura curves Sh U /F parametrized by
where S is a finite set of finite places of F containing all places above
) is a product of hyperspecial maximal compact open subgroups. We consider the Hecke algebra
Here, as usual, T v is the Hecke operator corresponding to the double coset
and S v is the one corresponding to
where ̟ v is a local uniformizer at v. Moreover, let us fix an absolutely irreducible representation
where Gal F,S is the Galois group of the maximal extension of F unramified outside S and q is a power of p. This gives rise to a maximal ideal m = m σ of T, given as the kernel of the map T → F q sending T v to tr(σ(Frob v )) and S v to q v det(σ(Frob v )) for v ∈ S, where Frob v ∈ Gal F,S is a Frobenius element, and q v is the cardinality of the residue field at v. The Hecke algebra T acts on
Observe that, as σ is absolutely irreducible, the localization
at m vanishes for i = 1. Indeed, in degree 0, the action of D × (A F,f ) factors through the determinant (i.e., reduced norm) det :
, so that in particular the associated Galois representations are reducible. By Poincaré duality (with F p -coefficients), the same applies to i = 2, leaving only i = 1. Also note that this implies that
is torsion-free. To avoid trivialities, we assume that it is nonzero, i.e. σ is modular. Let T(KU p ) be the image of T in End(H 1 (Sh KU p ,C , Z)), and let T(KU p ) m be its m-adic completion. Then T(KU p ) m acts faithfully on
There is an associated Galois representation.
Theorem 5.1 ([6], [7] ). There is a unique (up to conjugation) continuous 2-dimensional
unramified outside S, such that for all v ∈ S,
Proof. From [6] , one gets the existence of Galois representations for the Q p -cohomology of Sh KU p , which in particular (as T(KU p ) is reduced) gives a representation Note that in particular, σ = σ mod m. In fact, one sees σ in H 1 (Sh KU p ,F , Z p ) m : We want to prove that
On the other hand, all characteristic polynomials of Frobenii take values in T(KU
for some T(KU p ) m -module ρ on which Gal F acts trivially. It turns out that there are some useful general lemmas about such situations.
Definition 5.2. Let (R, m R ) be a noetherian local ring, G some group, and
where M 0 is an R-module, and G acts only through its action on σ R .
Proposition 5.3. In the situation of Definition 5.2, if M is σ R -typic, then
induce an equivalence of categories between the category of σ R -typic R[G]-modules and the category of R-modules.
Proof. It is enough to prove that for any R-module M 0 , the natural map
is an isomorphism. As both sides commute with filtered colimits, we may assume that M 0 is finitely generated. Filtering by modules generated by one element, one can reduce to the case that M 0 = R/I for some ideal I ⊂ R. Replacing R by R/I, we can assume that M 0 = R. In that case, we have to prove that
But this follows from the assumption that σ R is absolutely irreducible.
Proposition 5.4. In the situation of Definition 5.2, assume that M is σ R -typic, and
Proof. Write M = σ R ⊗ R M 0 as usual. We may assume that M 0 is finitely generated, by writing M 0 as a filtered colimit of finitely generated modules M 0,i and N as the filtered colimit of N ∩ (σ R ⊗ R M 0,i ) (noting that the category of σ R -typic modules is closed under filtered colimits). We may further replace M 0 by the image of 
. This is a contradiction, finishing the proof.
For later use, we record the following lemma.
Lemma 5.5. Let M be an R[G]-module which is faithful as R-module (i.e., the map R → End(M ) is injective). Assume that M is σ R -typic and σ ′ R -typic, for two representations σ R , σ ′ R as above. Moreover, assume that R is henselian. Then σ R ∼ = σ ′ R . Proof. By checking over R/m R , one sees that σ R ∼ = σ ′ R ; in particular, σ R and σ ′ R are of the same dimension. By [9, Theorem 2.22] , it is enough to prove that the determinants associated with σ R and σ ′ R agree, i.e. for all g ∈ G, the characteristic polynomials of σ(g) and σ ′ (g) agree. For this, it is enough to find ideals I i ⊂ R with empty intersection, such that the determinants agree modulo I i for all i. Write M = σ R ⊗ R M 0 for some R-module M 0 , which is necessarily faithful. For each element m ∈ M 0 , one has the annihilator I m = Ann(m) ⊂ R. By faithfulness, the intersection of all I m is trivial. Thus, we may work modulo I m . Note that
The isomorphism implies that A dim σ R ∼ = (R/I m ) dim σ R , which implies that A is finite projective of rank 1 as R/I m -module, i.e. a line bundle. As R/I m is local, it follows that A ∼ = R/I m is free. Thus, σ R and σ ′ R are isomorphic after reduction to R/I m , which finishes the proof. Now one has the following theorem, due to Carayol: In [6] , he gives a description of the Q p -cohomology, and in [7] , he explains how to get an integral statement.
Proof. By Proposition 5.4, it is enough to prove that
is σ-typic. But this follows from the description of the Q p -cohomology of Sh KU p ,F by Carayol, [6] .
At this point, we can also pass to completed cohomology. Let
There is a unique (up to conjugation) continuous 2-dimensional Ga-
The ring T(U p ) m is a complete noetherian local ring with finite residue field. For the final assertion, note that the existence of the Galois representation σ gives a map from the Galois deformation ring R σ,S to T(U p ) m . This map is necessarily surjective, as T v and S v can be recovered from the image of Frobenius elements Frob v . As R σ,S is a complete noetherian local ring with finite residue field, so is T(U p ) m .
Proof. This follows from Theorem 5.6 (noting that the σ's are compatible), and the observation that all operations in the definition of
preserve σ-typic modules.
Local-global compatibility
In this section, we prove a local-global compatibility result for the functor constructed above. This turns out to be mostly a straightforward consequence of p-adic uniformization, originally due to Cerednik, [8] , and in moduli-theoretic terms to Drinfeld, [13] , and generalized by Rapoport-Zink, [26] , and Varshavsky, [38] .
We continue to consider the Shimura curves Sh U associated to a division algebra D over a totally real field F as in the previous section.
given by the space of continuous functions
We note that one would usually consider the space
but this carries the same information as π U p : One can write
A similar discussion applies to ρ i U p (at least if everything is interpreted in the derived sense, or if everything is concentrated in only one cohomological degree). We will be mostly interested in
In fact, the statement is true on the derived level. The key tool to proving Theorem 6.2 is the p-adic uniformization theorem.
There is an isomorphism of adic spaces over C p ,
compatible for varying U , and with the Weil descent datum to F .
A proof relying on Rapoport-Zink's book has been given by Boutot-Zink, [1] . Let
which is a perfectoid space over C p (equipped with a Weil descent datum to F ), such that
These properties follow from the similar properties of M Dr,∞,Cp , cf. [31, Theorem 6.5.4 ].
In particular, we find that
as
On the other hand, by [31, Proposition 7. 
Remark 6.4. Here, we construct a global Hodge-Tate period map directly from the local Hodge-Tate period map. As the Shimura curves under consideration are not of Hodge type, one cannot formally use the construction of a global Hodge-Tate period map in [28] to get one in this setup. In cases of overlap, it is to be expected that these period maps are compatible, but we do not discuss this here.
Proposition 6.5. There is a W Fp ×D × p -equivariant isomorphism of sheaves on theétale site of (the adic space) P 1 Cp ,
Proof. First, we check that the higher direct images vanish. It is enough to check this at stalks, so letx = Spa(C, C + ) → P 1 Cp be any geometric point, i.e. C/F is complete algebraically closed and C + ⊂ C is an open and bounded valuation subring. We may assume that C is the completion of the algebraic closure of the residue field of P 1
Cp at the image ofx. Letx → U i → P 1
Cp be a cofinal system ofétale neighborhoods ofx; then
i is a perfectoid spaceétale over Sh U p ,Cp . One can form the inverse limit U Sh x = lim ← − U Sh i in the category of perfectoid spaces (over C p ). Now
On the other hand, the fibre U Sh x is given by profinitely many copies ofx,
This implies that
by writing U Sh x as an inverse limit of finitely many copies ofx and using [27, Corollary 7.18] .
It remains to identify π Sh HTét * Q p /Z p . The previous computation already showed that the fibres are isomorphic to π U p . Let U → P 1
Cp be anyétale map. We have to construct a map
But the left hand side is the same as
and it remains to observe that there is a natural GL 2 (F p )-equivariant map
From Proposition 6.5, we see that
. Together with (1), this gives Theorem 6.2 (noting that W Fp -equivariance implies Gal Fpequivariance by continuity).
Consequences
In this section, we continue the setup of Section 5. Again, we fix an absolutely irreducible (odd) 2-dimensional representation σ of Gal F over a finite extension F q of F p . We assume that the associated maximal ideal m of the abstract Hecke algebra T satisfies π U p ,m = 0 for some U p . We fix a finite set S of finite places containing all places above p, such that σ is unramified outside S, and
. We want to see that if π U p ,m = 0, then also ρ U p ,m = 0. Note that an automorphic representation of G transfers to D × if and only if it is discrete series at p, by the Jacquet-Langlands correspondence. We will construct some cuspidal types which will allow us to construct congruences to representations which are discrete series (even cuspidal) at p, and thus transfer all torsion classes from G to D × . 
There is a homomorphism Let e be the ramification index of [F p : Q p ], and fix a surjection β m : O Fp /̟ me → Z/p m Z. In particular, we get the following corollary.
is cuspidal at p.
Corollary 7.3. Let T(U p ) m be defined as in Section 5, so that it acts faithfully on
extends to a continuous action of T(U p ) m .
Remark 7.4. One can deduce from this Corollary the existence of Galois representations for Hilbert modular forms which are nowhere discrete series, assuming only its existence for forms which are discrete series at p. Thus, this provides an alternative argument for Taylor's construction of these Galois representations, [34] , and it seems reasonable to expect that one could do a similar argument in the compact unitary case, providing an alternative to the construction of Galois representations of Shin, [32] , and ChenevierHarris, [10] , by reducing directly to the representations constructed by Harris-Taylor, [21] .
Proof. It is enough to check this for each group
We may assume that K ′ = U me is of the form in Corollary 7.2, as these groups are cofinal. (As we use only one m, we may have to increase simulateneously m in the coefficients Z/p m Z for this.) In that case, Z/p m Z ∼ = A m /(T − 1), and ψ m mod (T − 1) is trivial. Thus, there is a T-equivariant surjection
We see that it suffices to show that the action of T on
extends to a continuous action of T(U p ) m . But M is p-torsion free, so it suffices to check in characteristic 0. There, the result follows by observing that by Corollary 7.2, all automorphic representations of G appearing in M [1/p] are cuspidal at p, and thus transfer to D × , where they show up in the cohomology group
Recall that there is a 2-dimensional Galois representation
and that by Proposition 5.8, ρ U p ,m is σ-typic, so
. Summing up, we have the following result.
In particular this implies that the localization π U p ,m determines the representation
at least if σ| Gal F p is absolutely irreducible.
Theorem 7.6. Assume that σ| Gal F p is absolutely irreducible. 5 Then
We want to pass from information about the localization π U p at m to the m-torsion π U p [m]. For this, observe the following. Proposition 7.7. For any ideal I ⊂ T(U p ) m , the natural map
is injective, and the action of (O
denotes the subgroup of elements of reduced norm 1.
is trivial, as σ is absolutely irreducible (as global Gal F -representation). Now note that if I = (f 1 , . . . , f m ) is a sequence of generators, then they give an embedding
let π be its cokernel. The displayed injection implies that
, from which one gets injectivity of the map in the proposition.
To see that (O × D ) 1 acts trivially on the cokernel, note that the cokernel injects into the kernel of
) .
But this kernel admits a surjection from H 0 (P 1 Cp , F π ). On such groups, (O × D ) 1 acts trivially by Proposition 4.7.
More precisely, σ| Gal F p can be read off from the Gal Fp -representation
) is of dimension ≤ 2, and σ| Gal F p is determined in the following way.
) is a direct sum of characters of Gal Fp , and at most two different characters χ 1 , χ 2 of Gal Fp appear; if only one appears, let χ 2 = χ 1 be the only character appearing. Then σ| in terms of the determinant of σ then shows that the cokernel is finite-dimensional. Thus, to prove that
Assume it was finite-dimensional. Pick a minimal prime idealm ⊂ T(KU p ) m , corresponding to some cuspidal automorphic representation π contributing to
Let L/Q p be the finite extension which is the residue field of T(KU p ) m atm, and let Any indecomposable Gal Fp -subrepresentation of
is isomorphic to a subrepresentation of σ| Gal F p , and in particular of dimension ≤ 2. If σ| Gal F p is indecomposable, then it occurs as a subrepresentation of
, as the cokernel of the displayed inclusion is finite-dimensional. This deals with Case (i).
If σ| Gal F p = χ 1 ⊕ χ 2 is decomposable, then the displayed inclusion shows that
) is a direct sum of characters χ 1 and χ 2 . Moreover, both of them appear (if they are distinct), by finiteness of the cokernel. This deals with Case (ii).
Patching: The key geometric input
In this section, we will prove a refinement of Theorem 3.2 that will allow us to prove compatibility with patching. The argument is closely related to the notion of ultraproducts, but we will take a very algebraic approach.
Fix an infinite set {π i } i∈I of admissible smooth F p -representations of GL n (F ). Assume that for all compact open H ⊂ GL n (O), the dimension of π H i (for varying i) is bounded. Let Π be the subset of smooth vectors in i∈I π i , i.e.
This is a representation of GL n (F ) on an R = i∈I F p -module. Before going on, it is helpful to recall some properties of R.
Lemma 8.1. The inclusion I ֒→ Spec R , sending i ∈ I to the the kernel of the projection R → F p to the i-th coordinate, identifies Spec R with the Stone-Cech compactification of I. For each x ∈ Spec R, the local ring R x is F p . There is an identification
of R with continuous maps Spec R → F p . The ring R is coherent.
Proof. The identification of Spec R with the Stone-Cech compactification of I is standard. 6 For each maximal ideal m ⊂ R, the corresponding ultrafilter F m on I is given by those subsets I ′ ⊂ I such that the idempotent element e I ′ which is 1 at i ∈ I ′ and 0 otherwise, is not in m.
First, we check that all local rings are isomorphic to F p . Take a prime ideal p ⊂ R. For any x ∈ R, the equation
holds true (by checking in each factor). Modulo p, it follows that x = a for some a ∈ F p , as desired. It follows that all points of Spec R are closed, and thus that Spec R is profinite. It follows that the structure sheaf on Spec R is the constant sheaf F p , which implies the equality R = C 0 (Spec R, F p ). As Spec R is profinite, this can be written as a filtered colimit of finite products of F p ; this is a filtered colimit of noetherian algebras along flat transition maps, showing that R is coherent.
Fix a point x ∈ Spec R \ I; this corresponds to a nonprincipal ultrafilter F on I under the identification with the Stone-Cech compactification. It follows that
is an admissible smooth R x = F p -representation of GL n (F ), which we will call the patched representation. Here, the word "patched" is used in the sense of Taylor-Wiles patching, where one builds a new object X patch from an infinite set {X i } i∈I of objects such that each "finite piece" of X looks like a corresponding "finite piece" of X i for infinitely many i. In our setup, we have for instance the following simple observation.
Lemma 8.2.
For each compact open normal subgroup H ⊂ GL n (O), there are infinitely many i ∈ I (more precisely, for all i ∈ I ′ with I ′ ∈ F) such that
Proof. There are only finitely many isomorphism classes of GL n (O)/H-representations of bounded dimension; recall that the dimension of π H i was assumed to be bounded. As F is an ultrafilter, it follows that for i ∈ I ′ with
and thus also (π patch ) H ∼ = π 0 .
In the patching construction of [5] , one chooses some representation of GL n (O)/H which occurs infinitely often, and then chooses them compatibly for all H. After that, one wants to extend the resulting GL n (O)-representation to all of GL n (F ) by allowing extra Hecke operators. This is possible only if the previous choices were made carefully; in our setup, everything works automatically. We leave it to the reader to verify that the representation constructed in [5] can be obtained as π patch for a suitably chosen x ∈ Spec R \ I; this amounts to going through their construction, and with every choice made one has to shrink the filter accordingly.
As before, one can attach to Π a sheaf F Π of R-modules on (P
The result of this section is the following. 
To explain the meaning of this result, we need the following classification of finitely presented R-modules.
is a finitely presented R-module. Conversely, if M is a finitely presented R-module with specialization V i over F p at i ∈ I ⊂ Spec R, then the V i are of bounded dimension, and the natural map
is an isomorphism.
Proof. For the first part, we may find a finite decomposition I =
Assume now that M is finitely presented. Then we may find a presentation
There are only finitely many possibilities for each A i , so after a finite decomposition of I (corresponding to a clopen decomposition of Spec R), we may assume that A is constant. In that case, M ∼ = R d is constant, so that the claim is clear.
In particular, the following follows directly from Theorem 8.3, using that taking cohomology commutes with localization on R. 
It would be enough to assume that they have perfect resolutions by injective H-representations which are of "bounded complexity" in a suitable sense. As in our application, they will actually be injective, we restrict to this simpler setup.
and thus
Intuitively, the last statement says that patching commutes with the functor π → H j ((P n−1 C /K)é t , F π ). To prove Theorem 8.3, we follow the proof of Theorem 3.2. In doing so, we need to establish some properties of R ⊗ Fp O C /p first.
can be written as a filtered colimit of coherent algebras along flat transition maps, and thus is coherent itself. Here, we use that O C /p is coherent, namely any finitely generated ideal J ⊂ O C /p is in fact principal, J = O C /p · x, and those are finitely presented,
Corollary 8.7. The ring R ⊗ Fp O C /p is almost coherent in the sense that the category of almost finitely presented R ⊗ Fp O C /p is abelian, and closed under kernels, cokernels and extensions.
Proof. By the previous lemma, the category of finitely presented R ⊗ Fp O C /p has these properties. The corollary follows by approximating almost finitely presented modules (and maps between them) by finitely presented modules. Now, we first prove the analogue of the local finiteness result. As in the previous section, choose some affinoid V ⊂ P n−1 F which lifts to M LT,0 , and fix such a lift; moreover fix some strict quasicompact open subset U ⊂ V . 
is an almost finitely presented R ⊗ Fp O C /p-module for all j = 0, . . . , m.
Proof. As before, this statement depends only on Π as a GL n (O)-representation. We assumed that all π i are injective as H-representations for some open subgroup H ⊂ GL n (O); fix such an H which is pro-p and normal in GL n (O). As
follows that π i is isomorphic to dim π H i many copies of the regular representation π reg H of H. As dim π H i is bounded, it follows that Π| H can be written as a direct summand of (π reg H ) n ⊗ Fp R for some n. Let V H , U H ⊂ M LT,H be the preimages of V, U ⊂ M LT,0 . There is a Hochschild-Serre spectral sequence
and similarly for U . Filtering the inclusion U ⊂ V by sufficiently many strict rational subsets and using the obvious analogue of [29, Lemma 5.4 ] which holds for almost finitely presented R ⊗ Fp O C /p by using Corollary 8.7 , this reduces us to proving that the image of
is an almost finitely presented R ⊗ Fp O/p-module. As Π| H is a direct summand of (π reg H ) n ⊗ Fp R, this image is a direct summand of n copies of the base extension F p → R of the image of 
is almost finitely presented.
Proof. By a Hochschild-Serre spectral sequence (cf. proof of Corollary 3.10), we may assume that K is sufficiently small (depending on j). In that case, the same argument as for Corollary 3.9 applies, noting as before that the analogue of [29, Lemma 5.4 ] holds for almost finitely presented R ⊗ Fp O C /p-modules.
Now we can finish the proof of Theorem 8.3 . Note that one has an almost isomorphism
Indeed, after each localization R → R y = F p for y ∈ Spec R, this follows by applying Theorem 3.2 to the admissible smooth R y = F p -representation Π ⊗ R R y . Globally, the result follows from the following simple observation applied to the kernel and cokernel of the displayed map.
Assume that for all y ∈ Spec R, M ⊗ R R y is almost zero. Then M is almost zero.
Proof. Take any m ∈ M and nilpotent ǫ ∈ O C /p. Then ǫm = 0 ∈ M ⊗ R R y for all y ∈ Spec R, as M ⊗ R R y is almost zero. But then ǫm = 0 ∈ M , showing that m is almost zero.
Finally, Theorem 8.3 follows from Corollary 8.9 and the following lemma.
Proof. Any almost finitely presented R ⊗ Fp O C /p-module N has elementary divisors in the sense of [29, Proposition 2.11] at each y ∈ Spec R. By approximating N with finitely presented modules, one checks that these assemble into a continuous map γ N : Spec R → ℓ ∞ ≥ (N) 0 using notation employed there. Applying this to N = M ⊗ Fp O C /p shows that the function sending y ∈ Spec R to the dimension of M y is locally constant. Thus, after passing to a clopen decomposition of Spec R, we can assume that for all y ∈ Spec R, M y is of dimension d. We claim that in this case, M is locally free of rank d. Pick any y ∈ Spec R, and choose a map R d → M that becomes an isomorphism after localization at y, and let M ′ be the cokernel. This induces a map
that becomes an isomorphism after localization at y. Its cokernel M ′ ⊗ Fp O C /p is then an almost finitely presented R ⊗ Fp O C /p-module whose localization at y is almost zero. 
Patching
In this section, we do the analogue of the patching construction from [5] , in the simplest possible situation. Our setup here is more restrictive than it should be (in particular, it forces [F p : Q p ] to be even), but we hope that the simplicity of the discussion gives some justification.
We assume that p is the only place above p in F , and that G is split at all finite places. 8 Let σ : Gal F → GL 2 (F q ) be absolutely irreducible, and unramified outside p.
. Let m ⊂ T be the maximal ideal corresponding to σ. Moreover, we fix a character ψ : Gal F,p → O × L unramified outside p, for some finite extension L of Q p with residue field F q and uniformizer ̟ L , such that det σ = ψχ cycl mod ̟ L . We assume that
Comparing central characters and determinants of associated Galois representations, we see that this implies that also
There are framed and unframed Galois deformation rings R Under these hypothesis, we have the existence of Taylor-Wiles primes.
is nonnegative. For each positive integer n, there exists a finite set Q n of g + [F : Q] primes of F such that q v ≡ 1 mod p n for all v ∈ Q n and Frob v has distinct eigenvalues, and with the following property. The framed deformation ring R ,ψ σ,Qn parametrizing framed deformations of σ unramified outside p and Q n and with determinant ψχ cycl is topologically generated by g elements over R ,ψ p . In the following, we fix such a set Q n for each n ≥ 1, as well as a non-principal ultrafilter F on {n ≥ 1}. This choice accounts for all choices needed to make the patching construction, and in a precise sense it amounts to the choice of g + [F : Q] "infinite primes" v of F such that q v ≡ 1 mod p ∞ .
We continue to follow the discussion in [24, §2.2.5]. For each n ≥ 1, let
be the compact open subgroups given by
The latter hypothesis is only imposed to be able to use the references below without further justification.
where ∆ v ∼ = Z/p n Z is the unique quotient of order p n of the units k × v of the residue field k v at v. Thus, U Qn (1) ⊂ U Qn (0) is a normal subgroup with quotient ∆ Qn :=
If necessary, we replace once F q by F q 2 in the following step. Doing so, we can fix a root α v of the polynomial
for i = 0, 1 be the space of functions with central character ψ. On these spaces, there is an action by the Hecke algebra T(U Qn (i)) generated by the usual elements T v and S v for v ∈ Q n , v = p, as well as operators U v for v ∈ Q n given by the action of the
is an isomorphism. Moreover, [24, Lemma 2.1.4] implies that
By the existence of Galois representations, there is an action of the unframed defor- 
Then, for all sufficiently large n so that I contains the kernel of 
is independent of n, so that in particular the ranks of π n (I) K are bounded uniformly in n. Thus, we may take an ultraproduct as in Section 8: For any I, we have the map
which is the localization at the maximal ideal of the product corresponding to the fixed non-principal ultrafilter F. Define . Let Π = H⊂GL 2 (F ) n π n (I) H , the product running over sufficiently big n. We have the natural map
This map is an isomorphism by Corollary 8. Finally, passage to the direct limit over K gives the result.
To any point x ∈ F(G, {µ})(C), there is associated a G-bundle E b,x on X F which is called the modification of E b at ∞ along x.
Remark A. 3 . If E is a vector bundle of rank n on X F , and {µ} is a minuscule cocharacter class of GL n , then it is clear how to define the modification E x for x ∈ F(GL n , {µ})(C). On the other hand, for non-minuscule {µ}, or general G (and then even for minuscule cocharacters), it is nontrivial to define the modification E b,x . Indeed, the definition involves the B dR -Grassmannian Gr G,{µ} →F (G, {µ}), which is an isomorphism if {µ} is minuscule. We refer to [2] for a precise discussion of this point. We note however that on points defined over a finite extension ofF , the Bialynicki-Birula morphism is a bijection (for all {µ}). Remarks A.5. (i) An admissible point x ∈ F(G, {µ})(C) is automatically weakly admissible. If x is defined over a finite extension ofF , the converse is true. For points defined over finite extensions ofF , these assertions can be reduced to the case of GL n by using the adjoint representation, for which see [3] . Now the admissible locus is an open subset of F(G, {mu}) (cf. below) which on classical points agrees with the weakly admissible locus. As the weakly admissible locus is maximal among open subsets with given classical points, it follows that the admissible locus is contained in the weakly admissible locus.
(ii) Assume that (G, {µ}) ⊂ (GL n , {µ (1 (r) ,0 (n−r) ) }), i.e., the PD-triple ( It follows from [12] that the admissible set is indeed an open adic subset ofF(G, {µ}), again using the adjoint representation of G to reduce to the case G = GL n .
Remarks A.7. Whereas we have a fairly accurate picture of what the weakly admissible locus looks like (and one of the main attractions of the corresponding theory is to determine explicitly this locus in specific cases, cf. [18, Ch. I]), the admissible locus seems quite amorphous, and is explicitly known in only very few cases. Here are two examples.
(i) Let (G, b, {µ}) = (GL n , b, {µ (1 (1) ,0 (n−1) ) }), where [b] is the unique basic element of B(G, {µ}). This case is called the Lubin-Tate case. In this case, all points ofF (G, {µ}) are admissible. This follows by Gross/Hopkins [11] from Theorem A.17 below. Another, more direct, proof is due to Hartl, comp. [4, Prop. 11.4.14] . The same holds for (GL n , b, {µ (1 (n−1) ,0 (1) ) }), where again [b] is the unique basic element of B(G, {µ}).
(ii) Let (G, b, {µ}) = (D 1 n , b, {µ (1 (1) ,0 (n−1) ) }), where [b] is the unique basic element of B(G, {µ}). This case is called the Drinfeld case. In this case, all weakly admissible points ofF (G, {µ}) are admissible. They form the Drinfeld halfspace inside P n−1 . This follows by Faltings F(G, b, {µ}) a = F(G, b, {µ}) wa ?
This question was answered by Hartl in the case when G = GL n . Besides the LubinTate case and the Drinfeld case, there is one essentially new case related to GL 4 . B. Gross asks whether the PD-triples formed by an adjoint orthogonal group G, its natural minuscule coweight {µ} (the one attached to a Shimura variety for SO(n − 2, 2)) and the unique basic element in B(G, {µ}) give further examples.
For the next question, recall that for any standard parabolic P * in the quasi-split form G * of G, there is a subset B(G) P * defined in terms of the Newton map on B(G). If P * = G * , then B(G) G * = B(G) basic . We call the inverse image of B(G) P * under the map in Corollary A.10 the HN-stratum F(G, b, {µ}) P * attached to P * . Hence for P * = G * the corresponding HN-stratum is the admissible set.
Question A.21. For which P * is the HN-stratum non-empty? Does the decomposition into disjoint sets F(G, b, {µ}) P * ofF(G, {µ}) have the stratification property? Which strata F(G, b, {µ}) P * have classical points?
The first question is non-empty, as is shown by the Lubin-Tate case, in which only F(G, b, {µ}) G * is non-empty. There are examples of strata F(G, b, {µ}) P * without classical points: One gets these by looking at cases of weakly accessible, but non-accessible, PD-triples, in which case all strata with P * = G * have no classical points, but some of them are nonempty.
There is also a HN-decomposition ofF(G, {µ}) in the sense of [4] . It does not have the stratification property. Here we have an understanding of the structure of the individual strata, in terms of period domains of PD-triples of smaller dimension. However, even for these simpler strata, the question of the non-emptiness of strata is only partially solved (by Orlik).
Question A.22. What is the relation between the two stratifications?
